We consider the growth of the action for black hole spacetime with a fundamental string. According to "complexity -action" conjecture it is expected to be equal to complexity which describes the quantum states of black holes. We consider black holes with three different horizon topologies. These have positive, negative and zero curvatures. We are interested in the complexity growth of these system with a fundamental string. We find that for the case where the black holes have the toroidal horizon structure the probe string behaves very differently from the other two cases.
Introduction
The black holes are interesting object so that quantum gravity is needed to explain its physics. In a sense, black holes are the fastest scrambler [1, 2, 3, 4] . That means its quantum state develops so fast. Then we are interested in a physical quantity to measure these degrees of freedom. The entanglement entropy was expected to be a candidate to describe such information [5, 6, 7, 8] . However, it is known that the worm hole (or Einstein-Rosen Bridge [9] ) grows linearly on time [10, 3, 11] even after it reaches the thermal equilibrium state. For this reason the entanglement entropy is not appropriate for describing the state of black holes. In order to describe the growth of the wormhole, we look for a quantity which grows with the volume of the worm hole.
"Complexity" is expected to be such a quantity [12, 13, 14] . Complexity has the origin in computational science and it quantifies how hard to create the final state from an initial state [15, 16, 17, 18, 19, 20, 21, 22] . The research of complexity is still ongoing. In quantum field theory, complexity is studied recently in [23, 24, 25, 26, 20, 27, 28, 29, 30, 31, 32, 33, 34, 22, 35, 36, 37, 38, 39] . Geometrical approaches are also studied [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52] . Roughly speaking, it counts the number of gates which generate quantum development. In this sense, complexity is thought to be a geodesic on the circuit space where gates are defined.
The AdS/CFT correspondence is an important concept in recent theoretical physics [53, 54, 55] . By this correspondence, the strong coupling regime of gauge theories can be studied by means of gravity method, and vice versa. Then it is interesting to find such a holographic counterpart of complexity in gravity side. This quantity is called "holographic complexity" [56, 57] .
A reliable candidate is CA conjecture [58, 59, 60, 61, 62] or its modified version is also proposed [63] . This conjecture asserts that complexity is equal to the action calculated in a bulk region called "Wheeler DeWitt patch." This is the region bounded by null surfaces anchored at the given boundary time. Complexity is expected to be a tool for solving many problems of black holes [64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 10, 82, 83, 84, 85, 86, 87] -firewalls, information paradox, etc. By this motivation, this conjecture is studied in the various spacetime geometries in many works [72, 73, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136] . For example, the identities or the bound for action growth is obtained in [137, 138] . It has a similar property to entropy as an increasing function of time [139, 140, 141] . Complexity in de Sitter space or negative curvature is studied in [43, 94] . The action calculation for some cases includes divergence because of the AdS boundary [142, 143] . Its normalization methods are also discussed in some works [77, 144, 145, 146, 147, 148, 149, 150] .
Since holographic complexity is known to have nonlocal properties [151, 152, 151, 153, 154] , the nonlocal object is ought to be added to study the properties of complxity. Examples of nonlocal objects are Wilson loops, 't Hooft operators, and so on. Complexity of systems with nonlocal operators such as "Wilson loops" are studied in works [155, 156, 157] . To study the action of the system with nonlocal operators we use the method used in [158, 159] . This method is used to find the drag force in AdS spacetime. This is related to the energy loss of the particle in the quark gluon plasma [160, 161, 162, 163, 164, 165] .
The topological black holes are objects which have unusual geometry [166, 167, 168, 169, 170, 171] . In this paper we would like to focus on these black holes and interested in complexity of these spacetime. As stated above, nonlocal objects are useful to study complexity. Nonlocal object which we treat in this paper is a fundamental string. Using it as a probe, the effect of the string is inherited in the Nambu-Goto action. By the equation of motion of the string, we will find the embedding of the fundamental string in black hole spacetime and calculate the action which is related to black hole complexity according to CA conjecture. This paper is organized as follows: In Section 2 we begin with static black hole spacetime with positive, negative and zero curvatures. We solve the equations of motion and find the action growth which is obtained by the integration over the Wheeler DeWitt patch. In Section 3 we consider the rotating topological black holes. In Section 4 we conclude this paper by summarizing the results and some discussion.
Static topological black holes
In this section we consider a fundamental string on the black hole spacetime. Here the black holes have three different horizon structure whose curvatures are positive, negative or zero. The metric is described by [166, 167, 168, 60] 
where the metric function f (r) is defined by
where parameter k = ±1, 0 distinguish the (d − 1)-dimensional sphere, hyperboloid and torus. The mass parameter and the AdS radius are denoted m and , respectively. dΣ k,d−1 are the metric on the (d − 1)-dimensional Einstein space.
where for the toroidal case coordinate θ is periodic.
Action calculation
We consider a static string fixed at θ = θ 0 on the boundary. By changing variables, y = 1/r, the metric is
The string worldsheet is parametrized by
The induced metric is
The Nambu-Goto action is
where
The equation of motion for θ is d dσ
The above equation is solved for θ as
This denominator of the inside of the square root becomes zero outside of the horizon where g − c 2 σ 4 = 0 if c > 0 while the numerator is non-negative. Then the only solution which can penetrate the horizon is c = 0 and θ = const. WDW action Let us calculate the NG action for Wheeler DeWitt patch in this case. Since θ = 0 the NG action is simplified as
: Then, the action is determined by the location of the horizon x:
The mass dependence is plotted for 3 and 4 dimensions in Figure 1 and Figure 2 . A remarkable point is that there is a non-trivial contribution even in massless case for hyperbolic black holes, as we can see from eq.(13):
. Then x = 1 is a solution.
Rotating topological black holes
Rotating topological black holes are shown in [172] . The metric of the (d + 1)dimensional rotating black hole with one rotational parameter are classified into three cases by the curvature k. For k = 1,
∆ r := (r 2 + a 2 )(r 2 + 1) − 2m r d−4 , ∆ θ := 1 − a 2 cos 2 θ, Ξ := 1 − a 2 , ρ 2 := r 2 + a 2 cos 2 θ.
For k = −1,
∆ r := (r 2 + a 2 )(r 2 − 1) − 2m r d−4 , ∆ θ := 1 + a 2 cosh 2 θ, Ξ := 1 + a 2 , ρ 2 := r 2 + a 2 cosh 2 θ.
For k = 0, the metric of the toroidal rotating black hole is
∆ r := a 2 − 2mr + r 4 , ∆ θ := 1 + a 2 θ 4 ,
The location of the horizon is depicted in the following figures (Figure 3 , Figure 4 and Figure 5 ). In all cases the horizon radius shrinks when the black holes have the angular momentum. 
Spherical case
The metric is, if there is not spherical term,
The induced metric on worldsheet t = t, r = r(σ), θ = θ(σ), φ = φ(σ) is
Then the NG action is
Changing the variables by y = 1/r,
For simplicity we use the following notation.
The equations of motion are
We choose the gauge
In the matrix form the equations are summarized as
where we defined
By multiplying the inverse matrix,
(26) In the above the each factor is
and
Boundary condition The boundary condition is by the Neumann boudary condition dθ/dy = dφ/dy = 0 and by the gauge condition y 2 /∆ y + θ 2 /∆ θ = 1 at y = 0,
The results are plotted in 4-dimensional case. Figure 6 represents the mass dependence for fixed angular momentum a = 0.5. The boundary condition for θ is θ(0) = π/4. We found the string does not penetrate the horizon in this case. For example, y h = 0.62 for mass m = 5 and y h = 0.39 for mass m = 25.
The angular momentum dependence is plotted in Figure 7 .
WDW action For θ 0 = 0 the action is
where y h is determined by
For d = 4, by solving
The mass dependence of the action are plotted in Figure 8 . 
Hyperbolic case
On the worldsheet t = t, r = r(σ), θ = θ(σ), φ = φ(σ), the induced metric is
The Lagrangian is
By changing variables y = 1/r,
In the same way as the spherical case, we define
We choose the gauge y 2 /∆ y + θ 2 /∆ θ = 1, L = Θ + T φ 2 . Then the derivative of L is
We define
Namely,
In the above
In the matrix form the equations are
The results for 4-dimension are plotted in the following figures. Figure 9 represents the mass dependence. For example, the location of the horizon is y h = 0.53 for m = 5 and y h = 0.37 for m = 25. The angular momentum dependence is plotted in Figure  10 .
For d = 4, by solving x 4 − (1 − a 2 )x 2 − (2m + a 2 ) = 0,
The mass dependence for different angular momentums are plotted in Figure 11 .
Toroidal case
For torus case, we use ρ 2 := r 2 + a 2 θ 2 , ∆ θ := 1 + a 2 θ 4 , ∆ r := a 2 − 2mr + r 4 ,
The induced metric of the toroidal rotating black hole is, if the spherical part is zero, 
Figure 11: Mass dependence
The action is
Therefore,
Changing variables by y = 1/r,
For simplicity we use
(73) We defined the following.
.
Boundary condition
The boundary condition is by the Neumann boudary condition dθ/dy = dφ/dy = 0 and by the gauge condition y 2 /∆ y + θ 2 /∆ θ = 1 at y = 0, Figure 12 represents the mass dependence. For example, y h = 0.47 for m = 5 and y h = 0.27 for m = 25. The angular momentum dependence is plotted in Figure 13 .
For θ 0 = 0 the action growth is
In the square root the numerator is less than the denominator for non zero a. Then it cannot penetrate the horizon for a = 0. 
Discussion
In this paper we found the behavior of the fundamental strings in black hole spacetime with three different horizon structures. k = 1 is the spherical horizon case, k = −1 is the hyperbolic case and k = 0 is the toroidal horizon case.
First in Section 2 we found that for static black holes the solution which is across the horizon is θ = 0 for all cases (k = ±1, 0). The growth of the WDW action is proportional to the horizon radius (1/y h ). Only for hyperbolic black holes, there is a non-trivial contribution even for massless case where the metric function g(y) has a zero point y h = 1 for massless case.
For rotating topological black holes, the behavior of the strings are summarized in Figure 14 . In this figure, the blue lines represent the strings which bends and do not extend to the interior of the horizon. In the left and the middle panels the orange lines are strings which attach the boundary at θ = 0. A remarkable point is that there is not such a solution for toroidal case (the right panel of Figure 14 ). For the toroidal case, the string can penetrate the horizon if the black hole has no angular momentum. This case degenerates to the static case and the solution is θ = 0 for any θ(0) at the boundary as we saw in Section 2.
For spherical k = 1 and hyperbolic k = −1 cases, there exist solutions which penetrate the horizon if the strings attach the boundary at θ 0 = 0. In these cases we obtained the WDW action. Figure 8 and Figure 11 say the growth of the action is an increasing function of mass and the angular momentum decreases the value of the action.
For toroidal case, k = 0, we found that there exists the string solution which penetrates the horizon only for zero angular momentum a = 0. In this case the effect of the fundamental string to the growth of the action is given in Figure 1 and Figure  2 (k = 0) in Section 2. This is also an increasing function of mass. 
